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This talk is based on a joint work with B. Eisley and A. R. Vindas-Meléndez ([2]).
Let k be a field and P ⊂ Rd a lattice polytope. We define the Ehrhart ring of P as
follows:

A(P ) := k[ta11 · · · tadd tnd+1 : n ∈ Z>0, (a1, . . . , ad) ∈ nP ∩ Zd].

We regard A(P ) as a graded ring by setting deg(ta11 · · · tadd tnd+1) = n. It is known
that the Ehrhart ring A(P ) is a Cohen–Macaulay semi-standard graded ring with
dimA(P ) = dimP + 1. Moreover, A(P ) is standard graded if and only if P has
the integer decomposition property (IDP, for short), that is, for any n ∈ Z>0 and
α ∈ nP ∩ Zd, there exist α1, . . . , αn ∈ P ∩ Zd with α = α1 + · · ·+ αn.

The (polar) dual of P is:

P ∗ :=
{
y ∈ Rd : ⟨x, y⟩ ≥ −1 for all x ∈ P

}
.

We call P reflexive if both P and P ∗ are lattice polytopes.

Theorem 0.1 ([3], see also [1, Theorem 1.1]). The following are equivalent:

(i) The Ehrhart ring A(P ) is Gorenstein.
(ii) There exist k ∈ Z>0 and α ∈ Zd such that kP − α is reflexive.
(iii) There exist k ∈ Z>0 and α ∈ kP ∩ Zd such that α has height 1 over each

facet of P .

We say that P is Gorenstein of index k if kP +α is a reflexive polytope for some
α ∈ Zd.

In this talk, we characterize when matching polytopes are Gorenstein.

Let G be a simple graph on the vertex set V (G) with the edge set E(G). Let
m ⊆ E(G) such that every vertex of G is incident to at most one edge in m. Then
we call m a matching on G, and identify it with the indicator vector m ∈ RE given
by:

m(e) :=

{
1 if e ∈ m,

0 if else.

The matching polytope associated to G is the convex hull of all matchings on G:

PM(G) := conv
{
m ∈ RE : m is a matching on G

}
.

Given a vertex u ∈ V (G), let degG(u) denote the degree of v in G. We say that
u ∈ V is essential if one of the following three conditions is satisfied:

(1) degG(u) = 1 and the degree of its neighbor is also 1,
(2) degG(u) = 2 and its neighbors are not adjacent, or
(3) degG(u) ≥ 3.



Some graphs that are of relevance to this work include:

• the cycle on n vertices Cn.
• The chortling cycle C ′

5 on 5 vertices is a cycle with two chords (see Figure
1):

V (C ′
5) = {0, 1, 2, 3, 4},

E(C ′
5) = {{i, i+ 1} : i ∈ {0, 1, 2, 3}} ⊔ {{0, 4}, {1, 3}, {2, 4}}.

• The complete multipartite graph Kr1,...,rn (n > 1) is the graph on the vertex
set of the form

⊔n
i=1 Ui (|Ui| = ri for i = 1, ..., n) with the edge set:

E (Kr1,...,rn) := {{u, u′} : u ∈ Ui, u
′ ∈ Uj, 1 ≤ i < j ≤ n} .

When r1 = · · · = rn = 1, we denote K1, . . . , 1︸ ︷︷ ︸
n

by Kn, and call this the

complete graph on n vertices.

Figure 1. The chortling cycle C ′
5.

The following is our main theorem:

Theorem 0.2. Let G be a connected graph. PM(G) is Gorenstein if and only if G
is one of the following graphs:

(a) A bipartite graph whose essential vertices have the same degree;
(b) C5;
(c) A graph whose essential vertices have the same degree 3 and whose maximal

2-connected components are bipartite, K3, K1,1,2 or C ′
5;

(d) K4.

Moreover, if PM(G) is Gorenstein, then PM(G) has the IDP.
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